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1. Introduction 


A regular non-null curve in Minkowski space-time, whose posi- 
tion vector is composed by Frenet frame vectors on another regular 
curve, is called a Smarandache curve [1]. Recently special Smaran- 
dache curves have been studied by some authors [2-5]. 

In this work, we study special equiform Smarandache curves 
with reference to the equiform Frenet frame of a curve £ on a 
spacelike surface M in Minkowski 3-space Ej. In Section 2, we 
clarify the basic conceptions of Minkowski 3-space E and give 
of equiform Fremet frame that will be used during this work. 
Section 3 is delicate to the study of the special four equiform 
Smarandache curves, Tn, T£, ng and Tgé-equiform Smarandache 
curves by being the connection with the first and second equiform 
curvature k,(@), and k2(0) of the equiform spacelike curve ¢ in ET. 
Furthermore, we present some properties on the curves when the 
curve £ has constant curvature or it is a circular helix. Finally, we 
give an example to clarify these curves. We hope these results will 
be helpful to mathematicians who are specialized on mathematical 
modeling. 
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In this paper, we introduce special equiform Smarandache curves reference to the equiform Frenet frame 
of a curve ¢ on a spacelike surface M in Minkowski 3-space Ej. Also, we study the equiform Frenet 
invariants of the spacial equiform Smarandache curves in ES. Moreover, we give some properties to these 
curves when the curve ¢ has constant curvature or it is a circular helix. Finally, we give an example to 
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2. Preliminaries 


The Minkowski 3-space E; is the Euclidean 3-space E? provided 
with the metric 


G = -dz + dz} + dz, 


where (Z4, Z2, Z3) is a rectangular coordinate system of ES Any ar- 
bitrary vector v € E can have one of three Lorentzian clause de- 
picts; it can be timelike if G(v,v) < 0, spacelike if G(v, v) > 0 or 
v =0, and lightlike if G(v, v) 2 0 and v z 0. Similarly, any arbi- 
trary curve £ = ¢ (s) can be timelike, spacelike or lightlike if all of 
its velocity vectors ¢’(s) are timelike, spacelike or lightlike, respec- 
tively. 

Let £ = £(s) be a regular non-null curve parametrized by arc- 
length in E and (t, n, b, k, tT} be its Frenet invariants where (t, n, 
b), k and t are the moving Frenet frame and the natural curvature 
functions respectively. If ¢ is a spacelike curve with spacelike prin- 
cipal normal vector, then the Frenet formulas of the curve ¢ can be 
given as [6-8]: 


t (s) 0 k (s) 0 t(s) 
ns))-[-«(s) 0  c:(][n()]. (1) 
b(s) 0 ts) 0 /Nb(s) 


where (.=4). G(t,t) =G(n,n) = -G(b,b) = 1, and G(t,n) = 


G(t,b) = G(n, b) =0. 
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Definition 2.1. A surface M in the Minkowski 3-space ET is said to 
be timelike, spacelike surface if, respectively the induced metric on 
the surface is a Lorentz metrica, positive definite Riemannian met- 
ric. In other words, the normal vector on the timelike(spacelike) 
surface is a spacelike(timelike) vector [8]. 


Let ¢ : I > E? be a spacelike curve in Minkowski space E?. We 
define the equiform parameter of ¢ by 0 = f «ds. Then, we have 


l. 
p= LS where p = — is the radius of curvature of the curve ¢. Let 


F be a homothety with the center in the origin and the coefficient 
u. If we put £ = F(£), then it follows 


S= usand p = Hp, 


where § is the arc-length parameter of ¢ and p the radius of cur- 
vature of this curve. Therefore, 0 is an equiform invariant param- 
eter of ¢ [9]. From that point, we recall (T, n, $,) be the mov- 
ing equiform Frenet frame where T(0) = pt(s), n(@) = pn(s) and 
£(0)— pb(s) are the equiform tangent vector, equiform princi- 
pal normal vector and equiform binormal vector respectively. Ad- 
ditionally, the first and second equiform curvature of the curve 
¢ —C(0) are defined by k4(0) = p = ap and k (0) = =, So, the 


ds 
moving equiform Frenet frame of ¢ = ¢ (0) is given as [10]: 


T'(0) kı (0) 1 0 \ /T(0) 
uu = | -1  d«(0) 2) (n) (2) 
8'(0) 0 ka(0)  k1(0)/ N&(0) 


d 


where (7 35) G(T,T) 2 G(g, m) 2 —9(£,£) 2 p?, and 


G(T, n) = €(T,$) =G(n, €) = 0. 
The pseudo-Riemannian sphere with center at the origin and of 
radius r = 1 in the Minkowski 3-space E is a quadric defined by 


S? = {fe E : —u? + u$ + u3 =1.} 


Let ¢ = £(0) be a regular non-null curve parametrized by arc- 
length in Minkowski 3-space E? with its moving equiform Frenet 
frame (T, n, &,). Then Tn, TE, ng and Tn&-equiform Smarandache 
curves of ¢ are defined, respectively as follows [11]: 


1 


3-367) = R(T) n0). 
5 = 30°) = 750) £0) 
3 = 300") = (0) + £0). 
3 = 306") = (7) +10) - £0) 


3. Special equiform Smarandache curves in E? 


In this section, we define the special equiform Smarandache 
curves reference to the equiform Frenet frame of a curve ¢ 
in Minkowski 3-space Ej. Furthermore, we obtain the natural 
equiform curvature functions of the equiform Smarandache curves 
lying completely on pesdo-sphere Ss; and give some properties on 
the curves when the curve ¢ has constant curvature or it is a cir- 
cular helix 


Definition 3.1. A curve in Minkowski space-time, whose position 
vector is composed by Frenet frame vectors on another curve, is 
called a Smarandache curve. 


As consequence with the above definition, we introduce a spe- 
cial form of the equiform Smarandache curves in Ej in the follow- 
ing subsection 


3.1. Tq-equiform Smarandache curves in ET 


Definition 3.2. Let ¢ = £(0) be a regular equiform spacelike curve 
lying completely on a spacelike surface M in E? with moving 
equiform Frenet frame (T, n, E£}. Then Tn-equiform Smarandache 
curves are defined by 


ME 
| 42 


Theorem 3.1. Let ¢ = £(s) be a spacelike curve with spacelike prin- 
cipal normal vector in Ej. If č is a circular helix with k > O, then 
Tn-equiform Smarandache curve is also circular helix and its the nat- 
ural curvature functions are satisfied the following equation, 


J/2 


o, 


= 3 (0*) (T (0) + n(0)). (3) 


4. s2 ka(2k2 +1) = (kå — 1) [Ie + IE (k2 + 2)| 
(k5 4- 2) 
ky z —V2. (4) 


Proof. Let 3 = 3(0*) be a Tn-equiform Smarandache curves refer- 
ence to the equiform spacelike curve ¢ = £(0). From Eq. (3) and 
using Eq. (2), we get 


ds d0* 1 


S(O") = aa O° A — DT(8) + (kı +1)n(@) 4 k;8 (0)), 
(5) 
hence 
T. (0*)- — À————— (i — 1)T()4- Qa 41) 1) + k£ (0). 
p4A/ 2k? — k$ —2 
(6) 
where 


dó* py2k-kj-2 2 
d^ —Jp—: (7) 
Now 


dT; V2 
P dam rs O4T(8) + 2 (8) + 36 (0)), 
p?| 2k? - k? — 2] 





where 
Ài = (ky — 1)(2ky ki, — kok’) + (2k2 — k$ — 2) (ki, + k? — 3k1), 
àz = (ky +1) (2ky ki, — kak) + (2k? — kå — 2) (k4 + k? + k$ + kı — 2), 
À3 = ka (2ky ki, — kok) + (2k? — k? — 2) (k, + 2k1 ka). 











Then 

dT, 2(42 +13 — A2) 
dm | dó*|^ cog oU. (8) 

p|2k —  - 2] 
and 
N (0°) = TE) + Aon) +2360) 
pA EA - M 

Also 


B4(0*) = 5 m TO) 4 m5n(0) + m3é (0)], 


where 
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Mı = A2k> = A3(ky + 1), 
M2 = Ark = À3 (kı = 1), 
m3 = A5 (kı = 1) — À4 (kı T 1) 


and pı = p,/2k? E =2 M - M — M. 
5 


Now, from Eq. 


1 
a" (9*) = RA +k? — 2k, —1]T(0) + [K, + I2 


+ ko + 2k, — 1]5(0) + [k4 + 2k ko + LEO}, 


and thus 
a" (g*) — - iT) + B20 (0) ale p3& (8)), 
where 


By = k} 3K, (ky — 1) + kê (ky — 3) — ko (k2 + 2), 
Bo = k} +k + 3(Iak + kok,) + 3k (ky — 1) + kk +1) - 1, 
P3 = k} +k} + 3(Kkü ky + kk) + 3kq ko (kı +1) — k2. 

Hence, we have 


Ta (0*) = 5| 


Rd 
p? 


£ + £2 — ¢2 

where 

Wi = (ky + k + k$ + 2k. — 1) [£3 (ki — 1) — Biko], 
w2 = (k5 + 2kyk? + kz) [Bi (kı + 1) — Bo(ki — 1)], 
w3 = (ki + kj — 2k; — 1)[Bok2 — B3(ki + 1)]. 

£1 = kik — k5 (ky +1) + ka (kg — k? — kı — 2), 

£5 = ki ka — kó (ky — 1) — ky kp (ky + 1), 

£3 = ky (2k; +1) — 2k, + ko (ky +1) +2. 

Now, if x and t are non-zero constants, then the natural curva- 
ture functions Kx, t4 are also non-zero constants and satisfying 


Eq. (4) which means that the Tz-equiform Smarandache curve is 
circular heilx. (1 


3.2. TE-equiform Smarandache curves in E? 


Definition 3.3. Let ¢ = £(0) be a regular equiform spacelike curve 
lying completely on a spacelike surface M in E with moving 
equiform Frenet frame (T, n, E}. Then Té-equiform Smarandache 
curves are defined by 


x 


dent: 
(6) = 75(1(0) + (0). (10) 


Theorem 3.2. Let ¢ = ¢ (s) be a spacelike curve with spacelike prin- 
cipal normal vector in Ej. If & is a circular helix with k > O, then 
T& -equiform Smarandache curve is contained in a palne and its cur- 
vature is satisfied the following equation, 


V2 (1 — k3) (ko + 1)? - k£(3k2 - 2) 
p (ko + 1)? 


Proof. Let 3 = 3(0*) be a T&-equiform Smarandache curves of ¢ = 
& (0). Then from Eq. (10), we have 


K3(0*) = kə + —1. (11) 


y (0*) = FATO + (ky + 0 (0) + k£ (0)). (12) 
T4(0*) = Deep Uu (k2 +1)n(0) + k1& (0)), (13) 
where 





dO0* = p (ko + 1) 


dà A (H3) 





Now 
d, vZ 
dó* ^ vx pis + £2 (0) + &3& (0)). 
where 
Ey = (kp + 1)(k, — k2 — 1) — kı k2, 
Ey = kı (k> + 1), 


£3 = (kz + 1)[k, + ko (ko +1) + k$ — k2] — ki. 


Then 

Kx(0*) = V2 ei tE — 63 (15) 
i plk +1} — 

and 

N,(9*) — OFE 

Also 


Bs(0*) = =- [ez — €3(k2 + 1)]T(8) + kı (£1 — 83) (8) 


+ [ezki — £1 (k2 + DEO, 


where p; = p(k; + 1) /&? + £5 — £3. 
Now, from Eq. (12) we have 


9” (g*) = = fiK +k? — ka + 1]T (0) + [k} + 2ki (k2 + 2)]g (8) 


HIK, + ko 2k + DEO). 
and 
y"(9*) = Jg AT) +821 (0) +536 (8), 


where 
6i = k? — k 3k (ki — k2) + kı (k? — 1), 
6) = Kk + ki -3(K, ko + ka k,) + k?(2ko + 3) 
+k (2k5 + kz — 1) +1, 
03 = k] +k, + kj (kj + 3k2) + k2 (5k, + Aki kp). 


Hence, we have 


(k +F 2k + k;) [9 (kp +1)- jk; | + ky (05 = 01) 
6") J2 | (k + 2ki ko + 2k) + (kK, + k? — ka + 1)[d2ky — 63 (ky + 1)| 
Ux Tuc Å a o 
p? fki k^ + (k2 +1) (2k? — k! ) he (2k + 3k; + DE 
[lk = 2k (ks +1) + 1]] 
{kik + à — IG — ki (o +1) + K(k +1) - 1E 
(16) 
So, if k and t are non-zero constants, then «4 is non-zero constant and sat- 


isfying Eq. (11), also t; = 0 which means that the T£ -equiform Smarandache 
curve is contained in a plane. O 


3.3. n&-equiform Smarandache curves in E: 


Definition 3.4. Let ¢ = £(0) be a regular equiform spacelike curve 
lying completely on a spacelike surface M in E with moving 
equiform Frenet frame (T, n, E}. Then 5é-equiform Smarandache 
curves are defined by 


gu c. 
3-30» = (n6) &£0)). (17) 


Theorem 3.3. Let ¢ = £(s) be a spacelike curve with spacelike prin- 
cipal normal vector in Ej. If & is a circular helix with k > O, then 
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n&-equiform Smarandache curve is also circular helix and its the nat- 
ural curvature functions are satisfied the following equation, 


2 c 
Ka (0*) - 4205 —1) 
J 5 (18) 
To (0*) = Dub |: kp £0. 


Proof. Let 3 = 3(0*) be a n&-equiform Smarandache curves of the 
curve £ — £(0). From Eq. (17), we get 


v(0*) = OTO) + (ky +k)n(0) + (kı +k)E (0), (19) 


hence 
n(0*)- 5 C T6) + (ky + ko)n(O) + (ky 1e)E(0)), (20) 


where 

dð* p 
dd  J2' 
Now 


dT; 2 
dà: ^ STO) + yon (0) + 58 (0)). 


(21) 





where 
yi = —(k; + kə), 
yo =k, +k + kz(kı +k2)- 1, 
ys =k, +k + ko (kı + k2). 
Then 
2(y2 +y2- y2) 
Ky (0*) = ———————————, (22) 
p 
and 


N,(9*) = VEG) + Yon (6) + E 


ox Y? ^ yi Yi 


1 


py Yi t Y - Ys 
t [ys + yı (kı + k5)]n(9) — [yo + yı (kı + k2)]8 (8 )}. 
From Eq. (19), we have 


S” (0*) = JC a + k3]T (0) + [ki + k} + (kı + k2)? — 1] (0) 


Also 


B4(0*) = UG — y3) (ki + k2)]T (8) 


-H[K, + kh + (ky + kz) JED}, 


and 
v" (0*) = OTO) + 0319(0) + @3E(0)), 
where 


(4 = -[3k; + 2k} + kı (2ky + k2) + (kı + k2)? — i 
Ww. = k! + k} — 3k — ka + 3 (kı + k2) (kK, + k4) + (kı + k2)’, 
Q3 = k? + kY +3(kı + ko) (ki, + k5) + (kı + k2). 
Hence, we have 
[ki + k} + (ky + kz)? — 1][o3 + @1 (kı + k2)] 
V24 -[K, +k} + (ky + k2)? ][o2 + e (kı + k2)] 
—(@3 — 0») (ki + ko) (2k4 + k2) 
Ta (0*) = 
p? {k - k? + 2(k + kj) 
(23) 


Then, if k and t are non-zero constants, then the natural curva- 
ture functions Ks, Ts are also non-zero constants and satisfying 
Eq. (18) which means that the n&é-equiform Smarandache curve is 
circular heilx. (1 


3.4. Tn&-equiform Smarandache curves in E? 


Definition 3.5. Let ¢ = £(0) be a regular equiform spacelike curve 
lying completely on a spacelike surface M in E with moving 
equiform Frenet frame (T, n, &). Then Ty&-equiform Smarandache 
curves are defined by 


1 
S — 3(0*) = —(T(0) + n(0) +€ @)). (24) 
J3 n s 
Theorem 3.4. Let ¢ = ¢ (s) be a spacelike curve with spacelike prin- 
cipal normal vector in Ej. If č is a circular helix with k > O, then 
Tné-equiform Smarandache curve is also circular helix and its the 
natural curvature functions are satisfied the following equation, 


J/3J2(1 — k2) 
V3 k2 (k? +1) , 
302 (kz — 3) (ko +1)2 ` 
Proof. Let 3 = 3(0*) be a Tn&-equiform Smarandache curves of 
the curve £ — £(0). Then from Eq. (24), we get 


[ky | < 1, 
(25) 


Ta (0*) = k2 # —1,3. 


y (0*) = E —1)T(O) + (ky +k - 1)5(0) + (ky + k2)8 (0)). 


A 
(26) 
1 
Tx (0*) = ————————— ((k, — 1) T (0 | | 1)n(8 
3 (07) PW Ew ICE a )T (0) + (ky + k» - 1)n(0) 
+ (kı + k3)é (0)), (27) 
where 


doó* p/k? + 2k, +2 
dg = d Tm 5 i (28) 
NOW 


dT; J3 
d8« ^ ST (iT (8) + xan(8) + x38 ()), 
p?| kt + 2k; +2] 





where 
X1 = (ky — 1) (kik, +5) — (ko + 1) (k? + 2k» + 2), 
X2 = (k? 2k? + 2)[K, + k, + ki + ko (ky + k2) — 1] 
+ (Gk, + Kk) + ko 4 1), 
X3 = (k? 2k  2)[K, + k, + ko (i + k2 + 1)] 
+ (ki + k2) (ki ki + k3). 


Then 

3(x? + xi- xi) 
= ae (29) 

p|ki 1:21 oe 2 | 
and 

T(0) + xon(0) + xs& (0 
NU ere see alm CUIDA EIUS 
p/xi*xli-xi 

Also 
B,(0*) = : 


p Ki 2k 24 xi Xi - x3 

x [L-xs + O2 = x: + a) ITO) 

[x (ky + ke) — xi (kı — DN) + [Xa (o — 1) 
— Jd a +k «00». 
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Fig. 1. Spacelike curve ¢ = ¢ (s) on S?. 


From Eq. (26), we have 


3” (g*) = UA — kı — kə — 1]T(0) 


4H [Kk +k} - 2k; + (ky + k2)? — 1]n(0) 
E [Kk +k, + ko + (ky + k2)?*]£ (0)]. 


and thus 
a" (8*) = iT) + 2n(0) + p£ (0)). 
where 


$1 = 2k, (ky +1) — 2k + ky (kt — ky — k — 2) + 1, 
2 = k} + k5 + 2k, + ko (ko — 1) + 3(k4 + k2) (ky + k4) 
+ ky (2k? + ky — 1) + (ky + k2)? — 1, 
$3 = k] + K5 + +k} +k: (3k1 — 1) + 3(& + K2) (kK, +5) 
+ (kı + k3)?. 
Hence, we have 


Gaten] 


iO ae eee 
eT) q? + q3 — qa 


re (30) 


where 


y; = (kj — ky — kp — 1)[ġ2 (k1 + k2) — 3 (ky + k2 — 1)]. 
y; = [K, + ky + 2k, + (ky + k2)? — 1] [$3 (kı — 1) — $4 (kı + k2)], 
Us = [k] + k5 + ko + (kı + ko)? ][$s (kı + ko — 1) — $2 (Ia — 1)]. 
qi = (ky - k;) 2k, — k2 — 1) — [ky + k} + 2k + (kı + k2)?], 
q2 = —(ky ka) (ka ko + 1) — (ky — 1) (kK, + k} + k2), 
q3 = (ky — D[K, +k} + 2k, + (ky + k2)?] + kı (2k4 — 3) 

t (k-- 1-2 k5 - 1)[2(k5 +1) — ky (ky 4- 1)] 4 1. 
Now, if k and c are non-zero constants, then the natural curva- 
ture functions Ks, T% are also non-zero constants and satisfying 


Eq. (25) which means that the Tj-equiform Smarandache curve is 
circular heilx. (1 





Fig. 3. The T7-equiform Smarandache curve 3(0*) on S$. 


4. Example 


Let £(s) — (V 3s. ssin (/3 Ins), s cos (V31ns)) be a unit speed 
spacelike curve parametrized by arc-length s with spacelike princi- 
pal normal vector in E? (see Fig. 1). Then it is easy to show that 

t(s) = (V3, sin (V3 Ins) + v3 cos (v3 Ins), 
cos (V3 Ins) — v3 sin (43 Ins)), 

n(s) = 5 (0, cos (/3 Ins) — v3 sin (V3 Ins), 
—sin (v3 Ins) — 43 cos (v3 Ins)), 


= 273 x codi TR 
K = =, P = 3443 1 = 243 


b(s) = (2, 32 sin (v3 Ins) + 3 cos (v3 Ins), 
3 cos (V3 Ins) — 3 sin (V3 1ns)), 
ko = Eg 


k 


— 2 
pec, 
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Fig. 4. The T&-equiform Smarandache curve 3(0*) on S?. 


Hence, the equiform parameter is 0 = fk ds —24/3s-4- c. Here 


0 
z ecl So the 


we take c — 0, then we have s=e?/2V¥3 and p= DNE 


equiform spacelike curve ¢ is define as (see Fig. 2) 


t (0) = (veo e9/2V3 sin (5) e9/2V3 cos (5). 


It easy to show that 


eu i-um d + cos B eS d — sin d 
2 AS 2 2] 4/3 2 2 


It is clear that T is an equiform spacelike vector. Also 


lad 0 E os a — sin E ze d — COS E 
4 e 2 2] 4/3 2 2) )° 
and 
e/2V3 (A . fg 0 0 . [0 
&£(0) = J (ssim (5) +s (2) (2) 69s (2)) 


Then 7 is an equiform spacelike vector and & is an equiform time- 
like vector. 

The Tg-equiform Smarandache curve 3(0*) of the curve ¢(@) is 
given by (see Fig. 3) 


$(0*) = VB e (25 (24/3 + 1) cos (2) 





T(8) = 


(8) = 





24 


+ (2 — 43) sin (5). (2 — V3) cos (5) — (243 +1) sin (5). 


The T$-equiform Smarandache curve 3(0*) of the curve £(0) is 
given by (see Fig. 4) 


V6 e9/243 


ae = 54 


(20 + /3), (2+ V3) sin ( 


NID NID 


+ (24/3 + 3) cos (5). (2+ V3) cos ( 


) — (243 + 3)sin (5). 





Fig. 5. The 1&-equiform Smarandache curve 3(0*) on S?. 


The n&-equiform Smarandache curve 3(0*) of the curve £(0) is 
given by (see Fig. 5) 


za MOC 0 _ (6 
8(0*) = BE (1.00 ($) -s (2)) 


The Tgé-equiform Smarandache curve 3(0*) of the curve £(0) is 
given by (see Fig. 6) 
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- 10 


20 
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Fig. 6. The Tri £-equiform Smarandache curve 3(0*) on S?. 


BUS aga + V3, sin ($) + (2 + V3) cos ($), cos ($) 


— (2 + V3) sin e) 
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